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Thc alm of thie papGr ie to cxtcnil lozanovekii'g results on Benach

Iettlcca having order o. -continuous norus (oee tg] for deteile )
to opcratore defined on Bansch lattices.'
Lct E bc a Banech lattice end lct F bc e Banach space.

An opcrator T € L(E,F) ie geld to be of lyps I providcd that
o s xnl in n iuplica (lxo)o Le norn convergcnt in F.

? lc aald to bc of typs B providcd that

O * xot r lrrll s K in E iupllec (lrn]n is norn convcrgent in F.

?lc iilcntity of eir ordcr tr -conplctc Bensch Lattisc E ic an opcrdtor
of typc A (rcopectivcly of typo B) iff E hac ordcr tr -continuouc
norn (reopoctivc$ E Ia weakly ccgucntially eonplcta),.

Olr nala roeultc arc aa foLlors

?EEORENI A -Lct E bc an clnoet C -conplctc Banach lattice (thc rclo-
vent deflnition appgars below)rrct p bc a Banech epacc and rct T€
L(Erf),fhcn tha folloring' aaecrtiong ere cguivalcnt:

i) ?icoftypc &;
ii, ttn neps thc idcsl- Ig (ecneratett by E in g" ) into F ;

iii) T hqe the pclczyneki'o propcrty (u)ri.c. for ceeh wcek Cauc\r
scguerrcc (xr)r. iu E thcrE is a wcakLy eunnable ssgu6nc6 (Vo)o

lc ii-nl cuoh that !rn- fl=r.Yt.5o;
tr), fhcrc exlsts no eubepace X sf Briaonorphic to /o rauch thet

? I f ie an iaomorphiem. {
0
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Lct B bc a Banach latticctr e Banasb cpaoc aadl I e L(ErF).

n T ie of typc B iff thcrr exists so sublattico X of Erlatticr i-
rpbic to co rsuch that flf ia an ieomorpbien.

nceults rrc diecugeca ia [12].

author ig nuch indcbtcd,to P.g.Doddc for providing hin vith a copy

[e].

il. PRDLIUIilARIES

'hc nain ingrcdicnta which wc nccd to ebargctsrizc the opcrators of

tvpr n arc e vcry ScncraL schcmc to eaeoeieti $f- and 41- apacae to a

givcn BanecL lattlco and gomc conaequcnccs of Grothcadlcckta critrrion

of rcak conpactncae in e spaco C(Slr.

1,ot E bc a Benach Letticc and lct x € Er x )) O'fG consitlcr tho idsel

& gcneratcd bY x in E

&=ty€E; (3) ot>O auchthetlvlsxr)

cndowcdl rlth tha norn
il lt :,a Illrll t=inf {*; lYl<o(t}''

?hcB sr le an Au- sptcc rith e atronS ordcr unit (rbicb ls r) and

,thus ordcr iconctrlc to e epacc C(E) for conc conpect(nauedorff)E'

I.tr' tro € Er,r Io ) Or thcn tho Baaech letticc Ef, = E"1o /1 E cndoucd

vith thc noru induccd by ll .llx" io rlco en ff- spacc end thc clllo-

nicel inclueion ir,,:E ,+ E ig an intcrvrl prcecnving nepping '

For cech x,'€ E'r x') O; Yc concidcr orE the folloring roletion of

equivalcncc

r-y iff r'(lr-Yl) = 0

fhc eonpLctioa of El- with rcepcct to tbr norn

lkllr, = t' 6'lr l)
't^1

ie en lf,- sprcc ,dcnotcd by Lr(l'). Lct ua dcnotc by jr':E+I'-(r')

thc crnonical surjcctioa.llhca (j1'1' = ix, 8,
fl

#
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lhc prcrcquieitcc rhicb rc nccd on wcakly conpact opcratora ctcfincd

oR g(S)- Bpac.t trc cascntielly contalnad in tho folloring

I.1 ?EOnEtr .Lct S bc e compect Eausdorff eprccrE ! Bmsch epeco ead

" 
€ E(C(S)rE).fhcn thc fol,loving eaecrtionc erc cguivelcnt:

t) f ia vcohly eonpect ,;
ti) f nnps evcry bounded srqucncc of pairvlec diejoint clancnte in-

to e norn convcrgcnt soqucncc t

tii) 
" 

maps 6vcrT/ monotonc boundcd tcqucncc lnto a norE eonvcrgcnt

SsqUCnCC ;

iv) lharc cxlsts no subletticc X of g151,9rdcr ieonorphic to co ,

guch tbat Illlt ia en ieonorphisn ;

r) lhcrc cxieta a positivc Radon lGesurc P on S such thet I' ic
ebsolutcly contlnuous ritlr raepcct to p^ , i.l.

llrf.lll <€ll.ll *t(el.f (l.l)
forcacb €>0;

?i) T nepa cyGrTr boundcd acgucnco into a scqucncc rith etablo sub -
gcqutncco .

Racell that a scgucncc (tn)o of clcmcnta sf E ie eeial to bc ctablc

(rith J.inlt x) if thare cxiete en x € E guch tlret

"tgll* *r 
trtrt -* ll = o ,unifornly in thc sct of cll etrictlv in

crcaeing acqucncGa (k(n),)n of natural nuabcrg.

?hc cgulvalcncc of i)- iii) wae proved by Grothendicck [eJ rnd dc-

rivce fron an carl-icr critcrion of reak compactnces due to Dunford

ancl Pcttia.Thc condition iv)riluc to Polczyneki ,emphaoizee thc roLc of

bacic aGgucnccs in thc problcn under study.thc cguivalcncc of v)-vi)

rith i) ie provcd in tlg] . EoPrBosGntha1 heo uaed GrothcndiccE ra

rceulta to cxprcac week conpactncae (of e borrndetl aubset of a specc

l,ltpl I in terue of rclatively dieioint fanilies. I{o shall. nced thc

{



folloring eonscgucncc of hls thcory

1.2 PROPOSITION. (H.P.Roeenthal F3] l'rct E bc a Banacb epacor

i) If g € lteo rE) ia an opcrator sucb thet tnf lltoo ll>o ,whcrc

(cn)n dcnotee the natural besie of, oo ,thcn therc exists en infinitc

subsct fC n such that

it) If r€ L(r@, Bl

leu(u) is an ieonorPhian.

an opcrator euch that flco
f

ie

p.hisn then thcrc cxiste an infinitc subeet U C tf such

is an ieouorPhien.

2.ILTIOSE A -COMPLEIE BANACF ],ATTICES

?hc ain of ttris eection is to diecuae a ccrtein

conccpt of (ordcr) d-conplctcncaa of r panach

which wc obtsin arc eilEilar slth thoco prorcd

is an ieonon-

that ? lr* trt

Benach letticc F is caid to be alnost c'-conplrtc

cach ordcr bounttcd ccgucncc of pairviec disjoint

xn of E thcre oxiets an opcrator T € L(I@,D)

f,n for sach n € l{.f,sro (cn)n dcnotes thc natural

gcneral.ization of thc

Iattl.cc. ?hc rcsuLta

by Dodda in [d .

hi$

l:!ti
I , il'i

I iii
l*
!:n
lr'

2.1 DEPINITION. A

providcd that for
positivc elEnentc

such thet Tco =

basig of co .

A sequencc (tn)r, ae in Dcfinition 2'l abovc io woakty susoablc and

thus aeeociated to an operator r € t(co rE)..f tctusuy ? is a Lattlco

hononorphism fron eo into s Euitablc E* !'If s is alnost ci-eonpletc

thcn t cxtende to 1@.

Clcar}y,cvcry f-conplctc Bsnach latticc is alEo alnost d-completc.

Othcr cxanplco ers intlicated bcLor'

2.2 PROPOSITION.Iot E bc an almost o--conplctc Benech latticc end lct

rb€gc].ogcdidcalofB.ThcnE/rieeleoalnosto--cornp1.ctc.
particularly ,thc Beaach lattlec C( pf:N) = L@7ee ie alnost

i
I
ti

h
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o. -corDplctc

@. l,ct

be a ecguoncc

< fi(x) for a suitabl-c x €Er x > O.Thcn by Lenna 2 in []tncrc
crists e scguencc (ar)o, of pairwisc disjoint eloncnts of E such
that 0<rogx and .lEfxn)=yn foreach oan..rh"proofcnde
rith an eppcal to Dcfinition 2.1 abovc . E

?.I pFOpOStflOU. Assuec thc eontinuun atio&.Tbcn avcry Benach Letticc
g havi-g the lntcrpolation property is aLaost 0--conplctc. (Race11

that a Benecb l-atticc E hag thc intcqpolation propcrty pnovided thet
for arqy acqucnccs (rolo and (yr)o ln E rith rn ( yn for ovcry
nrn €IT, thcrc exists an r €Esuchthet ra (x (vn forcrcryn).

ry.gg.D factr if n trae thc intcrpolation propcrty thcn sll tho apacac

& (t € Er r > O ) bsve algo thc intcrpoletion propcrty .ae notcd in
F l ra apec6 C(S) has thc intcrpotetion propcrty iff S is an p - 

,sptccri.c. diejoint open Fc -subsets of S havc diejoint clocur o. tt
rcmaine to appLy Lindenstrauasrrcsurt tr [U] ;g aseuning tbc conti -
nuun erion it is true thst cach opcrator ? fron eo iato a epacc g(g),
vith S en F -spacarcxtends to Lo.E

2.4 PRoPosrfrol{.Each conplencntccl gubl.atticc of en a}noet c-conplatc
Benach lattiee ia also elnoet o. -complcte.

An cxamplc duc to BealG ( see [r1] fsr detair.s] ehore that thc intcr -
polation propcrty does not paco to couplenented eubLatticea .conse -
qucntly tbe ahoet 0'-conpLctcnces doca not colncidc sith the intcr_
polation propcrty.

fhc uain reeult.of this
tali -Fahn-Saks theorcn

soction is the fol-ll.owing cxteneion of tfre Vi-
in mcasure theory

{li
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Lct E bc an alnosi

Er and suppoce that x'(r)

flFoncaoh O(r€Er

rvcry diejoint ccguonc€

d-conpl.etc Bsnach Lstticcrlct (rot )o

= l-im xn'(r) cxiets for aacb r 6 A.
n+@

8up lln'(rj)l *O 8a k+@

liil :r e Er end a' (1)' =

cel tr", gcncretcd bY E

(+)r C [orr]
lln xo'(r)

n-+@
in Er'

i

holds for all x in thc

i)ByDefinitlon2.labovoUemayrcatnictourgclvcctothc
E = lo rwhich wes firet treated by Orothcndieck in [e] ' Theo-

9. flbe ageertion ii) follors frsm i) and fhcoren I in [a] 'tl

. Bvcry alqost or-conplctc g(S)-gpacc bae thc Grothcn-

propcrtyrl.c. ir' t' t O in C(S)' inplice ro'-L' g '
ic tlo not knor if thc convcrac Ls true'

. rrr" proof follore fron fhcorcn I.I ti) and ?hcorcn 2.' t' abovc.E

i',,a.? ,OtOf,fanf.lct E bc an alnoet c-conplctc Elanacb lettioct B C E'

e band and p:8. + I tho corrcaponding projcction.ff (1o')o C E'

and 1n, -tr'; 
g thcn P\r rr , .Consegucntly cach band E C E'

ic rr - sGguentiellY comPlctc.

lg!.f,ct ue dcnotc by q tbc projcction of, h_ onto tbc carricr baad

of g in r, .Accorcliag to fhcorcn 27'rz fa [9J lt follovs that

(pr, )r' = x, (Qtr) for cecb x € Ig r r' € E' ancl thuc by Thoorcl z''LL'

ahovc rc obtain lhat (?ro')r = r,o'(Sl 
- 

O for cach r € I, 'El

of

G
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,.rm [Ara RE$rL?s

Fc start with th6 following

5:L LEllEA.Lct E bc a Benaeb latticerF a Bsnsch spaoe and r ( L(prf).
lhcn thc foltowing asscrtiong arc cguivalent:

iltieoftypel;
ii) f maps cverXr ordcr iqtcrval- of E into a rclatively rcakJ.y cor -

pect suboct of Il ;

iti) f meps cvery ordcr boundod crsqucncc Q! natrvicr dtiajolnt clcoentt

firto e aor& convcrgent to O aequcncc ;
iv) f nrps GvcrTr ordcr boundcd scquGncG into a seguencc with gtablc

cubscqucacca .

1f in addition g ic r-conp1cta thcn thc eonditions {}-iv) abort

arc aleo cguivaleat with

r! lherc criets no gublatticc X of Erlatticc ioonorphic to I!
euch that El f ia an iaonorpbigm.

@!g.ThG cosdi.tion ii! is cguivalent with tbr faet tbat all eonpoai-
a

ttonp lPo** (r € Br r > O) arc vcat$ conpact.Couecgucatly thc c-

guinalcacc of tbc conditione i! - iv) follorg frop^ fhsorcnl.l abovg.

Clcar$, tti) irylicc v).Fc sball shor that v! inpl.icc lil).trorrlct
(xolo C [Orul e scgucnec of pairriec diojoint clsmsnts of, E and eup-

pocc that inf llqll > O.trc coneidcr thc oporator S:Io+E givcn

by S((enlr = (a)- I .r,to . Thcn ?oS vcrifi.s tb. aeaunptionr

of Froposition I.2 ii) abovc and tbus tho rcstriction of t' to t ccr-

tain gubletticc X of p, Iatticc isonorphic to 10, is an isonorpbien,

contradictioa. [f
:s
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Lct B bc an almoat 0- -eonpltt. Bansch latticc rF e BsDacb

:i',!psco enat T € L(E,F).Tbcn tho follswing aoecrtiong erc cguival'cnt i

ilCisoftypc l;

iv) lhrrc ie no eubepacc x of Eriaouolphic to C[Orf]rcuch thet T lx

is ca. leonorPhion I
v) thcrc ia no aubepacc X of Erieouorphic to 1@' ouclr that ll1

ig an iaouorphion .

irp"unt. i)==2111.tr"1 (I:8"'-"-+ 8r tho crnonicel cnbcdding rnd lct

1,.* e n, r > o.sinc" ir, ia lntcrvrl prcscrvlng to 1r (ir'" (scc [?])

i., rnd thUt
::

?" lgrqrl - T" [Or 
(ir)''tr ] = (?'ir]" [O,rJ '

tf t is of typc ! thcn toir ia rcakly conpect end thus f'[OrQfl C f

forcachr€Erx>O.
ii).+ tii).flthout loec of gcncrallty wc nty atsullt ttred E ic aleo

ccparablc.ThanE(andalaoft,tncbandgcncrrtcdbypinE'.)hrse
wcek ordcr unit u > O.Lct (xn)n bo e week Ceuehy aaqucncc in E'

Since Et* il r'-scgucntlally conpletc 'thcrc 
eriata E e ( % euch

thet Io t' , z .Scc Corollary 2'? abovc'sincc 5 ls an ordcr

conpletc vcctor lattlce with a wcak ordsr unit'therc exiets a acguonco

(znln of pairricc tticjoint clcncnts ouch that lzol -< nu and

f .hl- aoi+h arrnn zl
z = (e)- L ,n.Thc scgucncc (zn)n is t' -eunnablc (with eunn z!

and conteincdl ia IB .In factrfor cecb r' € E', rc havl tl*t("!l<

\< D lr"l(lr'l) \< lt'l t,|f) and z(r') = f s-(r'l' Ev ii) '

#t

l.. tt, t" napc tho idesl lr.(ecncrated by g in E") into f ;

iit) ? hac tho Pclcgynskirt property (u) ,i'o' for cach wcet caucby

, acgucncc (rn)n in E thcrc ia a\toaklv suueebla aGqucncc (ro)o in
s1 tl \ -

FGt auch that 
"r,^ 

- D tt v.' --^L o ;
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xn = T"2. € F for cach n e n.Thc sequGncc (vrrlo bcing ur-sufrrsbrc

in tr" r it is arco rcakry sll'Eabr.c in F. rt ie crcer that

lt.
iii) -.=g iv).Infect ,it ie vcII knoun that C[Orf] contains thc Ja_
ncar apsce tr as e subcpece and that lJ fair.e thc polczyneEird pro_

pcrty (u).On thc other handrthc propcrty (u) is hereclitaqy.See [6 ] for
details.
iv)-+ v).fn fect, 1o conteine en isomorpbic copy of C[Orf] .
\r) -- i). rf, f ie not of type r thea by propoaition 5.r abovc thcrc
cxiet an I > O and a asguencc (rn)n c fOrr ] of peirwiac diajoint
clcmcnte of E such that ll fx' ll > a.Sinec E ie,alnost c _conplcte,
thsre exists an operator S € L(1@, E ) euch that. Scr, = to for
cach n € l{.Hcrc (rrr)o denotee the neturer 6sbis of co.thsa propoai-
tion I.2 rbove yields e eubepace tr of griaonorphic to lo, guch thet
flf is an isonorphien.E

rc prss nor to thc problen of chcrectcrizing the opergtors of typc B.
lc shrll nced thc folroring recur.t conccrning the reciprocrr Dunford-
Pcttis property:

,.X LEtflA'Lct E be e Benech bttice which conteine no letticc ieonorpb
qf 11 , F e Benacb spscc and f € L(ErF).If T nap{, every reckly con -\ \_
vergEnt--scguence of pairviee disjoint elanentg lnto e norrn convergent\
soguence lncn f ic reakly compact.

Scs [fr] ror detai].g.

,.4 ?moRElt.tet E bc a Banach lettlccrF a Banach epecc and ? € D(E'F).
?hen the folloring eseertione are equivalant:

i)fieoftypeB;
ii) f o ir, 'ia veekly coupact for evcry x" € E" r x" ) Oi

*
;
i
j

f
9:
F'&lr
*..:

{t
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lri}Il?(rn}nigevceklyerrnnablcSequcnc6ofpeiruiccdicjoiat
:, poeitlvc clcmcnte of E thcn llf*" ll 

- 
o;

iol ff (rnln ls e wcgkly curmabl'e segurncc of poeitlva olcmcntc

of E thcn lltxo ll-o;
t)thcrecxietgnocublstticctrofE'letticeiaomorphictoGo,

.:,r!ucb that f lX ic an isonorphigm.

gf .ClcarlY , i) ----iv) + iiile v1'

L:ttyaii).66,e eppliee tsDra J.5 abovo.Each $anach lettlc' Ers l's

{

sn ltl-spacc ancl thrs containe no letticc ibonorph of 1' '61ao 'oach

norr boundcd ecguencc of pairwisc diajoint clEncntg of L' ir cgui-

ralont to thc natural baeic of eo snd thue lt ia roakly arlmebla'

'rnro l) .Bach E.gu.nec (Io)o E eucb thit o < xrrt antl llroll s r

csnbcrricwEdagarcekcauct\ygeguEneginacertai'ncpaecE1rr.E

Fron Ltmlla 1.1 gnd thcorcn 1'4 ii; it followe that sach oparator of,

typc B ic aLso of typc .&' & caec whcn thc convorac ii alco

'indicatcd bY thc fol-Iowing:

.Lct E bc e Banach latticclr a Eanach cpecc end

tr|,I aa opcrator of typc l.fhen f ie also of typc B'

proof. o*tbu". that I ig not of typc B.rhctr by Thsora! 5'4 thcrc orictc

e woakly aumablc seguensc of pairwiec diajoint cLcnents x' of E such

O.Thcn f - ila-d (xn)n is lettice ieonorphic to

e, .tet i: f .--+ Er tho canoniceL incfueion snd lct PlBtrr'-+Er
-o '--

thc poeitivc projection givcn by (Px"')r = x,rt*' 
1:"-"11 

r"'.t 
:"'

and x € E.By'Proposition 1'2 ii) there exiete an infinitc subsct
d

''' foPoi' I r- trr) is an iaonorphisn' Thcn i =l{I C l[ such that I rn "rt rev^err,'ra

5
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ffi (*r.)o e ff ic lsttice isonorphic to L@ and thc reetriction of
d? to X ig an ieomorphisnrin contradiction with thc fact that I

ie an opcrator of typc A. E

t.6'PnOPosITfO$.Lst s bc e Bansch spacr?tr a Banech Lattice and tr€
D.(E'F).f-hcn tha folloring etatenente Frc eguivalcnt:
I

' ii; 5*, " 11 ie wcak].y conpact for evcry x' € E'r I') O;

,
,:i.ii) Thcre Ls no complcnented cubsgecc X of Elisonorphic to l',

-such that ?(x) is conp)-enentcd in F anal t I f ie arl iconorpbicm .

Evory ucakl,y conpact oporator ie of tyPc B.fhc converae fs not gene-

rall-y truo..l$ rcnerkablc exccption constitutes the casa rbcn E ic a

spscc c(s). Scc [+] .

4.1 PnOglgnrDoca therc axist an opcrator of typc B which ic not of

Bt,nongtypcB? ,,

\
4.OPEN PROBLEF.

:A

,5,

Tbs nain problcn which wc lcevc opon conccrns the cxte,iCEions propcr-

ticg of thc operators of typc B.sa oparctor f dcflnccl on e Benech lat-
tice E with-Va{ucs in a Banech specc P is saial to bc of gtroag tyPc B

\
providcdl that tt" \e thc banil \ ,gencrated by r ia Eo, into F.Sincc

\T

%, ie the ringc of a\(poaitivc contractivc) projcction of E" ,luch

aa opcrator extcndls to E'". Clcerlyrevcry opcrator of strong type B

is alao of typc B.

i,
;
t
{,
&,1xi


